
M3S3/M4S3 : SOLUTIONS 4

1. Equate terms on the two sides of the equation yields the constants, that is, compare coefficients of
terms in x2, x and 1 as follows:

x2 : A + B = C

x : 2Aa + 2Bb = 2Cc ∴ c =
Aa + Bb

C
=

Aa + Bb

A + B

1 : Aa2 + Bb2 = Cc2 + d ∴ d = Cc2 − (Aa2 + Bb2) = (A + B)
(

Aa + Bb

A + B

)2

− (Aa2 + Bb2)

and as

(A + B)
(

Aa + Bb

A + B

)2

− (Aa2 + Bb2) =
AB

A + B
(a− b)2

it follows that

A(x− a)2 + B(x− b)2 = (A + B)
(

x− Aa + Bb

A + B

)2

+
AB

A + B
(a− b)2. (1)

For the Bayesian calculation,

Ln(µ) =
n∏

i=1

(
1
2π

)1/2

exp
{
−1

2
(xi − µ)2

}
=

(
1
2π

)n/2

exp

{
−1

2

n∑

i=1

(xi − µ)2
}

=
(

1
2π

)n/2

exp

{
−1

2

[
n(x− µ)2 +

n∑

i=1

(xi − x)2
]}

∝ exp
{
−n

2
(x− µ)2

}

pµ(µ) =
(

1
2πτ2

)1/2

exp
{
− 1

2τ2
(µ− θ)2

}
∝ exp

{
− 1

2τ2
(µ− θ)2

}

and therefore,

pµ|X(µ|x) ∝ exp
{
−1

2

[
n(x− µ)2 +

1
τ2

(µ− θ)2
]}

∝ exp
{
−1

2

[(
n +

1
τ2

)(
µ− nx + θ/τ2

n + 1/τ2

)]}

after completing the square using the earlier formula in equation (1), with

A = n a = x B = 1/τ2 b = θ.

In the vector case, completing the square is again straightforward, except that we must remember to
adhere to the rules of matrix manipulation. For example, the quadratic term in

(x− c)TC(x− c) + d = (x− a)TA(x− a) + (x− b)TB(x− b)

is
xTAx + xTBx = xT(A + B)x.

so C = A + B. The term in x is given by

cTCx = aTAx + bTBx
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therefore
Cc = Aa + Bb ∴ c = (A + B)−1(Aa + Bb).

Finally
cTCc + d = aTAa + bTBb

so that

d = aTAa + bTBb− cTCc = aTAa + bTBb− (Aa + Bb)T(A + B)−1(Aa + Bb).

2. By definition

pθ|X˜
(θ|x˜) =

Ln(θ)pθ(θ)∫
Ln(θ)pθ(θ) dθ

(2)

where

Ln(θ) =
n∏

i=1

fX|θ(xi|θ) =

{
n1∏

i=1

fX|θ(xi|θ)

}{
n1+n2∏

i=n1+1

fX|θ(xi|θ)

}
= Ln1(θ)Ln2(θ)

say. The numerator in equation (2) is therefore

Ln(θ)pθ(θ) = Ln1(θ)Ln2(θ)pθ(θ) ∝ Ln2(θ)pθ|X˜1
(θ|x˜1

)

and the result follows.

3. (i) For the Poisson likelihood/Gamma prior

Ln(λ) ∝ λs exp{−nλ}
pλ(λ) ∝ λα−1 exp{−βλ}

where s =
n∑

i=1

xi, so

pλ|X˜
(λ|x˜) ∝ λs+α−1 exp{−(n + β)λ} ≡ Gamma(s + α, n + β).

Therefore for future variables X˜
? taking values in the Cartesian product

X(n?) ≡ X× . . .× X
where X ≡ {0, 1, 2, . . .}, we have

fX˜
?|X˜

(x˜
?|x˜) =

∫ ∞

0

{
n?∏

i=1

fX|λ(x?
i |λ)

}
pλ|X˜

(λ|x˜) dλ

=
∫ ∞

0

{
λs?

exp{−n?λ}
c(x˜

?)

}
(n + β)s+α

Γ(s + α)
λs+α−1 exp{−(n + β)λ} dλ

=
∫ ∞

0

{
(n + β)s+α

Γ(s + α)c(x˜
?)

}
λs+s?+α−1 exp{−(n + n? + β)λ} dλ

where s? =
n?∑

i=1

x?
i and

c(x˜
?) =

n?∏

i=1

x?
i !.
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Integrating out λ from this equation yields

fX˜
?|X˜

(x˜
?|x˜) =

(n + β)s+α

Γ(s + α)c(x˜
?)

∫ ∞

0
λs+s?+α−1 exp{−(n + n? + β)λ} dλ

=
(n + β)s+α

Γ(s + α)c(x˜
?)

Γ(s + s? + α)
(n + n? + β)s+s?+α

.

as the integrand is proportional to a Gamma pdf.

(ii) For the Binomial likelihood/Beta prior

Ln(θ) ∝ θs(1− θ)N−s

pθ(θ) ∝ θα−1(1− θ)β−1

where s =
n∑

i=1

xi and N = nK. Then

pθ|X˜
(θ|x˜) ∝ θs+α−1(1− θ)N−s+β−1 ≡ Beta(s + α, N − s + β).

Therefore for future variables X˜
? taking values in the Cartesian product

X(n?) ≡ X× . . .× X

where X ≡ {0, 1, 2, . . . ,K}, we have

fX˜
?|X˜

(x˜
?|x˜) =

∫ 1

0

{
n?∏

i=1

fX|θ(x?
i |θ)

}
pθ|X˜

(θ|x˜) dθ

=
∫ 1

0

{
c(x˜

?)θs?
(1− θ)N?−s?

} Γ(N + α + β)
Γ(s + α)Γ(N − s + β)

θs+α−1(1− θ)N−s+β−1 dθ

=
∫ 1

0

c(x˜
?)Γ(N + α + β)

Γ(s + α)Γ(N − s + β)
θs+s?+α−1(1− θ)N+N?−s−s?+β−1 dθ

where s? =
n?∑

i=1

x?
i , N? = n?K and

c(x˜
?) =

n?∏

i=1

(
K

x?
i

)
.

Integrating out θ from this equation yields

fX˜
?|X˜

(x˜
?|x˜) =

c(x˜
?)Γ(N + α + β)

Γ(s + α)Γ(N − s + β)

∫ 1

0
θs+s?+α−1(1− θ)N+N?−s−s?+β−1 dθ

=
c(x˜

?)Γ(N + α + β)
Γ(s + α)Γ(N − s + β)

Γ(s + s? + α)Γ(N + N? − s− s? + β)
Γ(N + N? + α + β)

as the integrand is proportional to a Beta pdf.

4. Within the exponential family the density

fX|θ(x|θ) = exp
{

t(x)Ta(θ) + c(θ) + d(x)
}
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yields a likelihood for iid data x1, . . . , xn of the form

Ln(θ) =
n∏

i=1

fX|θ(xi|θ) =
n∏

i=1

exp
{

t(xi)Ta(θ) + c(θ) + d(xi)
}

= exp
{

T Ta(θ) + nc(θ) + D
}

where

T =
n∑

i=1

xi D =
n∑

i=1

d(xi).

Now, if the prior takes the form

pθ(θ) ∝ exp
{

αTa(θ) + βc(θ)
}

then

pθ|X˜
(θ|x˜) ∝ Ln(θ)pθ(θ) ∝ exp

{
{T + α}Ta(θ) + (n + β)c(θ)

}
=

{
αT

newa(θ) + βnewc(θ)
}

which is of the same functional form as the prior with hyperparameters updated as follows

α −→ αnew = T + α β −→ βnew = n + β

5. The likelihood for the model is given by

Ln(µ, φ) =
n∏

i=1

(
1

2πφ

)1/2

exp
{
− 1

2φ
(xi − µ)2

}
=

(
1

2πφ

)n/2

exp

{
− 1

2φ

n∑

i=1

(xi − µ)2
}

=
(

1
2πφ

)n/2

exp

{
− 1

2φ

[
n(x− µ)2 +

n∑

i=1

(xi − x)2
]}

.

Therefore a conjugate prior that combines with this likelihood takes the form

pµ,φ(µ, φ) = pφ(φ)pµ|φ(µ|φ) ∝
(

1
φ

)α/2+1

exp
{
− β

2φ

} (
1
φ

)1/2

exp
{
− 1

2γφ
(µ− θ)2

}
.

for hyperparameters α, β, γ > 0 and θ ∈ R, where

pφ(φ) ∝
(

1
φ

)α/2+1

exp
{
− β

2φ

}
≡ IGamma(α/2, β/2)

pµ|φ(µ|φ) ∝
(

1
φ

)1/2

exp
{
− 1

2γφ
(µ− θ)2

}
≡ N(θ, γφ)

and the IGamma(a, b) distribution is the distribution of 1/V if V ∼ Gamma(a, b) with density function

ba

Γ(a)

(
1
v

)a+1

exp
{
− b

v

}
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- in the conjugate prior a = α/2 and b = β/2. Therefore, the posterior distribution is

pµ,φ|X˜
(µ, φ|x˜) ∝ Ln(µ, φ)pµ,φ(µ, φ)

∝
(

1
φ

)n/2

exp
{
− 1

2φ

[
n(x− µ)2 + S

]}

×
(

1
φ

)α/2+1

exp
{
− β

2φ

}(
1
φ

)1/2

exp
{
− 1

2γφ
(µ− θ)2

}

=
(

1
φ

)(n+α+1)/2+1

exp
{
− 1

2φ

[
n(x− µ)2 + S + β +

1
γ

(µ− θ)2
]}

where

S =
n∑

i=1

(xi − x)2.

Now, using the identity from Q1, completing the square in µ, we have

n(x− µ)2 +
1
γ

(µ− θ)2 = M(µ−m)2 + d

where
M = n + 1/γ m =

nx + θ/γ

n + 1/γ
d =

n/γ

n + 1/γ
(x− θ)2.

Therefore the posterior distribution takes the form

pµ,φ|X˜
(µ, φ|x˜) ∝

(
1
φ

)(n+α+1)/2+1

exp
{
− 1

2φ

[
M(µ−m)2 + d + S + β

]}

∝ pφ|X˜
(φ|x˜)pµ|X˜ ,φ(µ|x˜, φ)

where, by inspection

pφ|X˜
(φ|x˜) ∝

(
1
φ

)(n+α)/2+1

exp
{
−(d + S + β)

2φ

}
≡ IGamma((n + α)/2, (d + S + β)/2)

pµ|X˜ ,φ(µ|x˜, φ) ∝
(

1
φ

)1/2

exp
{
−M

2φ
(µ−m)2

}
≡ N(m,φ/M).

Therefore, in the conjugate analysis,

pφ|X˜
(φ|x˜) ≡ IGamma(α1/2, β1/2)

pµ|X˜ ,φ(µ|x˜, φ) ≡ N(θ1, γ1φ)

where
α1 = n + α β1 = d + S + β θ1 =

nx + θ/γ

n + 1/γ
γ1 = 1/M

so that

pµ,φ|X˜
(µ, φ|x˜) =

(β1/2)α1/2

Γ(α1/2)

(
1
φ

)α1/2+1

exp
{
−β1

2φ

}(
1

2πγ1φ

)1/2

exp
{
− 1

2γ1φ
(µ− θ1)2

}

=
(β1/2)α1/2

Γ(α1/2)

(
1

2πγ1

)1/2 (
1
φ

)(α1+1)/2+1

exp
{
− 1

2φ

[
β1 +

1
γ1

(µ− θ1)2
]}

.
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Hence

pµ|X˜
(µ|x˜) =

∫ ∞

0
pµ,φ|X˜

(µ, φ|x˜) dφ

=
∫ ∞

0

(β1/2)α1/2

Γ(α1/2)

(
1

2πγ1

)1/2 (
1
φ

)(α1+1)/2+1

exp
{
− 1

2φ

[
β1 +

1
γ1

(µ− θ1)2
]}

dφ

=
(β1/2)α1/2

Γ(α1/2)

(
1

2πγ1

)1/2 ∫ ∞

0

(
1
φ

)(α1+1)/2+1

exp
{
− 1

2φ

[
β1 +

1
γ1

(µ− θ1)2
]}

dφ

=
(β1/2)α1/2

Γ(α1/2)

(
1

2πγ1

)1/2 Γ((α1 + 1)/2)
(

β1

2
+

(µ− θ1)2

2γ1

)(α1+1)/2

=
Γ((α1 + 1)/2)
Γ(α1/2)Γ(1/2)

γα1
1

(
β1γ1 + (µ− θ1)2

)−(α1+1)/2

as Γ(1/2) = π1/2, and the integrand is proportional to a Gamma density. Thus the posterior marginal
distribution for µ is in fact a generalized Student-t distribution with parameters (α1, θ1, β1, γ1).

6. (i) If
pθ(θ) ∝ |I(θ)|1/2

where here (and in the rest of the question) |A| = | det A|, the absolute value of the determinant of A,
and φ = g(θ) so that θ = h(φ), say, then by the multivariate transformation theorem,

pφ(φ) ∝ |I(h(φ))|1/2 |Jφ| (3)

where Jφ is the Jacobian for the transformation between φ and θ, that is

[Jφ]jk =
∂θj

∂φk

=
∂hj(φ)

∂φk

We know that the reparameterization is a 1-1 (and hence invertible) transformation

Now, the Fisher information for φ can also be found from first principles. As usual, it is formed as the
expectation of the matrix of second derivatives of the log-likelihood with (j, k)th element

∂2ln(θ)
∂θj∂θk

=
∂

∂θk

{
∂ln(θ)
∂θj

}
.

Now,

∂2ln(φ)
∂φj∂φk

=
∂

∂φk

{
∂ln(φ)
∂φj

}
=

∂

∂φk

{
∂ln(θ)
∂θj

∂θj

∂φj

}

=
∂

∂φk

{
∂ln(θ)
∂θj

}
∂θj

∂φj

+
∂ln(θ)
∂θj

∂2θj

∂φj∂φk

=
{

∂2ln(θ)
∂θj∂θk

}
∂θj

∂φj

∂θk

∂φk

+
∂ln(θ)
∂θj

∂2θj

∂φj∂φk

and thus, taking expectations to compute the Fisher information, as

EfX|θ

[
∂ln(θ)
∂θj

]
= 0 ∀ j
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by properties of the score function, and thus

EfX|θ

[
∂2ln(φ)
∂φj∂φk

]
= EfX|θ

[
∂2ln(θ)
∂θj∂θk

]
∂θj

∂φj

∂θk

∂φk

=
∂θj

∂φj

EfX|θ

[
∂2ln(θ)
∂θj∂θk

]
∂θk

∂φk

and hence
I(φ) = D(θ)TI(θ)D(θ)

where D is the square matrix with (j, k)th element

∂θj

∂φk

.

Hence
|I(φ)| =

∣∣∣D(θ)TI(θ)D(θ)
∣∣∣ =

∣∣∣D(θ)T
∣∣∣ |I(θ)| |D(θ)| = |I(θ)| |D(θ)|2

and
|I(φ)|1/2 = |I(θ)|1/2 |D(θ)| .

However, by inspection of equation (3), we note that as

|D(θ)| = |Jφ|

so in fact
pφ(φ) ∝ |I(φ)|1/2

and we see that Jeffrey’s prior is invariant to reparameterization.

(ii) For the normal model, using parameters θ = (µ, σ2)T

fX|θ(x|θ) ∝
(

1
σ2

)1/2

exp
{
− 1

2σ2
(x− µ)2

}

and hence

l(µ, σ2) = const− 1
2

log σ2 − 1
2σ2

(x− µ)2

∂l

∂µ
=

x− µ

σ2

∂2l

∂µ2
= − 1

σ2

∂l

∂σ2
= − 1

2σ2
− 1

2σ4
(x− µ)2

∂2l

∂(σ2)2
=

1
2σ4

− 1
σ6

(x− µ)2

∂2l

∂µ∂σ2
= −x− µ

σ4

Hence

I(θ) =




1
σ2

0

0
1

2σ4
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and Jeffrey’s prior is

pθ(θ) ∝ |I(θ)|1/2 ∝ 1
σ3

(4)

Instead, using parameters φ = (µ, σ)T

l(µ, σ) = const− log σ − 1
2σ2

(x− µ)2

∂l

∂σ
= − 1

σ
+

1
σ3

(x− µ)2

∂2l

∂σ2
=

1
σ2
− 3

σ4
(x− µ)2

Hence

I(φ) =




1
σ2

0

0
2
σ2




and Jeffrey’s prior is

pφ(φ) ∝ |I(φ)|1/2 ∝ 1
σ2

. (5)

This demonstrates that the earlier result relating to reparamterization holds; the prior is preserved. To
see this, let λ = σ2; the original prior in equation (4) says that

pθ(µ, λ) =
c1

λ3/2
.

Under the reparameterization λ −→ σ =
√

λ, the Jacobian of the transformation is 2σ

pθ(µ, σ) =
c

σ3
× 2σ =

c2

σ2

which coincides with equation (5).

M3S3 EXERCISES 4 - SOLUTIONS - page 8 of 8


